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Abstract
We have studied thermal chaotic behavior in the extended phase space for a charged dilaton-AdS
black hole by Melnikov method and present the effect of dilaton parameter on the thermal chaos.
Our result show that for the temporal perturbation the thermal chaos in the charged dilaton-
AdS black hole occurs only if the perturbation amplitude is larger than certain a critical value,
but for the spatially perturbation, the chaos always exists irrespective of perturbation amplitude.
These behaviors are similar to those in other AdS black hole, which can be regarded as the common
features of the static AdS black holes. Moreover, we also find that the critical temporal perturbation
amplitude leading to chaos increases with the dilaton parameter and decreases with the charge. This
means that under the temporal perturbation the presence of dilaton parameter makes the onset of
chaos more difficult, which differs from that of the charge parameter.
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2I. INTRODUCTION
Chaos is a kind of very complicated and irregular motion, which appears only in the non-linear and non-
integrable dynamical systems. It is highly sensitive to the initial conditions and presents the intrinsic random
in systems [1–3]. The chaotic phenomenon can be detected by many methods including the Poincare´ surfaces
of section, the Lyapunov characteristic exponents, the fractal basin boundaries, the bifurcation diagram, the
Melnikov method and so on. Although the chaotic motion is very complex, it is very common in nature.
In black hole physics, the chaotic orbits of particles have been found to exist in multi-black hole spacetime
[4, 5], in the Manko-Novikov black hole spacetime [6–10], in the perturbed Schwarzschild spacetime [11–14] ,
in the spacetime of a black hole immersed an external magnetic field [15] and in the accelerating and rotating
black holes spacetime [16]. Moreover, it is of interest to find that the chaotic behaviors appear in ring string
dynamics in the Schwarzschild black hole spacetime [17] and in AdS black hole spacetimes [18, 19].
The chaotic behavior in van-der Waals fluid [20] has been found by applying the Melnikov method [21].
The fluid system is initially supposed to be in the unstable spinodal region, which allows the existence of the
homoclinic orbit in phase space. It is shown that for the temporal perturbation the thermal chaos occurs only
if the perturbation amplitude is larger than certain a critical value, but for the spatially perturbation, the
chaos always exists irrespective of perturbation amplitude. Recent investigations indicate that thermodynamic
behavior of AdS black holes in the extended phase space bears high resemblance to that of van-der Waals fluid
system. By treating the cosmological constant as a thermodynamic pressure and its conjugate quantity as a
thermodynamic volume, Kubiznak et al.[22] found that in the system of a charged AdS black hole the small-
large black hole phase transition possesses the same critical behavior of liquid-gas phase transitions in the van
der Waals fluid. The similar P − V critical behaviors are disclosed in the other AdS black hole spacetimes
[23–26]. These similar critical behaviors mean that there must be some deep connection between AdS black
holes and van-der Waals fluid system. Thus, it is very natural to probe the thermal chaos in AdS black holes
with phase structures similar to that of van-der Waals fluid. For a Reissner-Nordstro¨m-AdS black hole, it
is found the similar chaotic behaviors existed in the system of van-der Waals fluid. The critical temporal
perturbation amplitude depend on the black hole charge Q and the presence of charge makes the onset of
chaos easier [27]. For a Gauss-Bonnet AdS black hole [28], the presence of charge is necessary for chaos under
temporal perturbations. However, under spatial perturbations, chaotic behavior always exist irrespective of
whether the black hole carries charge or not. Moreover, the chaos under temporal perturbation is found
3to occur easier in the case with larger Gauss-Bonnet coupling constant. The same qualitative properties of
thermal chaos are also found in the AdS black hole spacetime with Born-Infeld electrodynamics [29], which
shows that the effect of Born-Infeld parameter on thermal chaos is similar to that of black hole charge.
In this paper, we will study thermal chaos in the extended phase space for a charged dilaton-AdS black
hole, which belongs to a family of solutions in Einstein-Maxwell-dilaton gravity theory [30–32]. The presence
of the dilaton field changes the causal structure of the spacetime and modifies the thermodynamic properties
of the black holes. In an extended phase space, one can find that the thermodynamic quantities depend on
the dilaton parameter [33]. For example, the thermodynamic pressure P depends on both the cosmological
constant and the coupling strengthen between the dilaton scalar and electromagnetic fields. Correspondingly,
the thermodynamic volume V is also a function of the coupling constant, which is different from those in the
usual AdS black hole spacetimes in which P is determined entirely by the cosmological constant and V is
only a function of the event horizon radius. Although the thermodynamic quantities depend on the dilaton
parameter, it is found that the P − V critical behaviors present the similar feature as in usual AdS one and
the critical exponents are independent of the details of the dilaton system [33]. And then, it is very natural to
ask whether dilaton parameter affects thermal chaos of AdS black holes in Einstein-Maxwell-dilaton gravity
theory. The main purpose of this paper is to study thermal chaos of a charged dilaton-AdS black hole [30]
and to probe the effects of dilaton parameter on thermal chaotic behaviors.
This paper is organized as follows. In Sec.II, we will review briefly thermodynamics of a charged dilaton-
AdS black hole [30] in the extended phase space and dependence of the critical temperature Tc on black hole
parameters. In Sec. III, we will study the thermal chaos of the charged dilaton-AdS black hole flow under
thermal perturbations and probe the effects of dilaton parameter on such kind of thermal chaos. Finally, we
present a brief summary.
II. THERMODYNAMICS OF A CHARGED DILATON-ADS BLACK HOLE IN EXTENDED
PHASE SPACE
Let us now review briefly the thermodynamics of a charged dilaton-AdS black hole in extended phase space.
In a four-dimensional spacetime, the action of Einstein-Maxwell theory with a dilation field can be expressed
as [30–33]
I = 1
16π
∫
d4x
√−g
[
R− 2 (∇ϕ)2 − 2Λe2αϕ − 2α
2
b2 (α2 − 1)e
2ϕ/α − e−2αϕFµνFµν
]
. (1)
4Here the scalar ϕ is dilaton field and the electromagnetic tensor Fµν = ∂ [µAν ] is related to the potential vector
Aν . The quantity b is a positive arbitrary constant and α is the coupling parameter between the dilaton and
Maxwell fields. From the action (1), one can obtain a spherical symmetric black hole solution, whose metric
has the form [30]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2R(r)2(dθ2 + sin2 θdϕ2), (2)
with
f (r) = −α
2 + 1
α2 − 1(
b
r
)−2γ − m
r1−2γ
− 3
(
α2 + 1
)2
r2
l2 (α2 − 3)
(
b
r
)2γ
+
q2
(
α2 + 1
)
r2
(
b
r
)−2γ
, (3)
ϕ (r) =
α
α2 + 1
ln
(
b
r
)
, R(r) =
(
b
r
)γ
, Ftr =
e2αϕ
r2R2
. (4)
Here γ is related to the coupling parameter α by γ = α
2
α2+1 . The parameter m is associated with the ADM
mass M of black hole (2) by m = 2(α2+1)b−2γM and q is the black hole charge. In the absence of the dilaton
field (α = 0), the above metric describes the geometry of the usual Reissner-Nordstro¨m AdS black hole.
For the black hole (2), with the event horizon radius r+ (i.e., the largest root of equation f(r) = 0), one
can obtain Hawking temperature and entropy
T = −
(
α2 + 1
)
4π (α2 − 1) r+
(
b
r+
)−2γ
− Λ
(
α2 + 1
)
r+
4π
(
b
r+
)2γ
− q
2
(
α2 + 1
)
4πr3+
(
b
r+
)−2γ
, (5)
S = πb2γr
2(1−γ)
+ , (6)
respectively. Introducing the thermodynamic pressure P , its conjugate quantity as volume V and the electric
potential U
P = −
(
3 + α2
)
b2γΛ
8π (3− α2) r2γ+
, V =
4π
(
1 + α2
)
b2γ
3 + α2
r
3+α2
1+α2
+ , U =
q
r+
, (7)
one can find that the first law of thermodynamics and the corresponding Smarr formula can be expressed as
dM = TdS + Udq + V dP, (8)
M = 2(1− γ)TS + Uq + (4γ − 2)V P, (9)
respectively. In the limit α→ 0, the above thermodynamic pressure P and volume V become
P = − Λ
8π
, V =
4πr3+
3
, (10)
which are consistent with that of Reissner-Nordstro¨m AdS black hole. Similarly, defining the specific volume
v =
2(1 + α2)(3− α2)
(3 + α2)
r+, (11)
5one can find that thermodynamic pressure P can be rewritten as
P (v, T ) =
T
v
+
b−2γ
22γπv2(1−γ)(α2 + 1)2(γ−2)
[ (
3− α2)1−2γ
2(α2 − 1)(α2 + 1)2 (3 + α2)1−2γ +
2q2
(
3 + α2
)2γ−3
v2 (3− α2)2γ−3
]
. (12)
The rich phase structures for the black hole (2) have been studied in the extended phase space [33]. It is
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FIG. 1: (colour online) The P − v isothermal curves with different temperatures T for the charged dilaton-AdS black
holes with the fixed parameters b = 1, q = 1 and α = 0.01. On the right panel with T < Tc, the curve can be divided
into two stable regions(blue lines) and a unstable one (red line). The black dashed line is the coexisting line of large
black hole (with specific volume vL) and small black hole (with specific volume vS) with phase transition pressure P0.
shown in Fig. (1) that there exists Large-Small black hole phase transition, which is qualitatively similar to
the gas-fluid phase transition in the van-der Waals system. This is a second order phase transition occurred
at the critical temperature
Tc =
(α2 + 1)(3 + α2)
2γ−3
2
πb2γq1−2γ(1 − α2)(α2 + 2) 1−2γ2
. (13)
Obviously, the critical temperature Tc decreases with the parameters b and q. The change of Tc with α
depends on the value of q, which is shown in Fig.(2). The critical temperature Tc for different b increases
monotonically with α in the case with the larger q, but it first decreases and then increases in the case with
the smaller q. The diagrams in Fig. (1) indicate that as the temperature of black hole T is less than the
critical temperature Tc the P − v curve can be divided into two stable regions and a unstable one. Two stable
regions v ∈ [0, vα] and v ∈ [vβ ,∞] correspond to the small black hole region and the large black hole one,
respectively. The two points vα and vβ are determined by
∂P (v,T0)
∂v |vα = ∂P (v,T0)∂v |vβ = 0. The unstable region
v ∈ [vα, vβ ] is the so-called spinodal region in which the small and large black hole phase coexist. Obviously,
one can find that ∂P (v,T0)∂v < 0 in the stable regions, but
∂P (v,T0)
∂v > 0 in the unstable one. Here, vα and vβ
are two extreme points, which satisfy the equation ∂P (v,T0)∂v = 0. The inflection point at v = v0 is determined
by ∂
2P
∂2v = 0. As in refs.[20, 27–29], we will study the chaotic behaviour of the charged dilaton-AdS black hole
under periodic thermal perturbations through the Melnikov method.
6FIG. 2: (colour online) Dependence of the critical temperature Tc on parameter α for the charged dilaton-AdS black
hole with different b and q.
III. CHAOS IN THE CHARGED DILATON-ADS BLACK HOLE FLOW UNDER THERMAL
PERTURBATIONS
As in refs.[20, 27–29], for a sake of simplicity, the charged dilaton-AdS black hole flow is assume to move
along x-axis in a tube of unit cross section of fixed volume. And then, the position of a fluid particle can be
described by the Eulerian coordinate x. The mass M of a column of fluid of unit cross section between the
reference fluid particle with Eulerian coordinate x∗ and a fluid particle with the coordinate x can be expressed
as
M =
∫ x
x∗
ρ(ξ, t)dξ, (14)
where ρ(x, t) is the fluid density at spatial position x and time t. The relation (14) means that the position x
of any particle can be expressed as a function of the massM and the time t, i.e., x = x(M, t). From Eq.(14), it
is easy to get xM (M, t) ≡ ∂x(M,t)∂M = ρ[x(M, t), t]−1, which is defined as the specific volume v(M, t). Similarly,
one can also define the velocity as u(M, t) ≡ xt(M, t). With these quantities, one can find that the charged
dilaton-AdS black hole flow can be described by a dynamical system with the balance equation of mass and
momentum [20, 27–29]
∂v
∂t
=
∂u
∂M
, (15)
∂u
∂t
=
∂τ
∂M
, (16)
where τ is the Piola stress. As in refs.[20, 27–29], we assume that the charged dilaton-AdS black hole fluid is
thermoelastic, isotropic and slightly viscous, which means that the Piola stress can be expressed as [34]
τ = −P (v, T ) + µuM −AvMM . (17)
7Here A is a positive constant, and µ is a small positive constant viscosity. With the above form of Piola stress
τ , the balance equation (16) can be rewritten as
xtt = −P (v, T )M + µuMM −AvMMM . (18)
One can suppose that a finite black hole fluid tube of unit cross section contains the total mass 2π/s in a
volume 2πv0/s, where s is a positive parameter. Introducing the change of variables M˜ = sM, t˜ = st, x˜ = sx
and µ = ǫµ0, one can find that the range of the mass M˜ becomes M˜ ∈ [0, 2π], and then the equation (18) can
be written as
xtt = −P (v, T )M + ǫµ0suMM −As2vMMM , (19)
where ǫ is a perturbation parameter. Here the overbars are omitted for later convenience.
Let us now to study the temporal chaos in the spinodal region in which the small and large black hole phase
coexist. The system is assumed to lie initially in the unstable equilibrium state associated with the specific
volume v = v0 (the inflection point) and the temperature T = T0 < Tc. The small time-periodic fluctuation
of the absolute temperature about T0 has a form [20, 21, 27–29]
T = T0 + ǫδ cosωt cosM, (20)
where δ is amplitude of the perturbation relative to the small viscosity. Expanding P (v, T ) around the
equilibrium point (v0, T0) as in refs.[20, 21, 27–29], we have
P (v, T ) = P (v0, T0) + Pv(v0, T0)(v − v0) + PT (v0, T0)(T − T0) + PvT (v0, T0)(v − v0)(T − T0)
+
Pvvv(v0, T0)
3!
(v − v0)3 + PvvT (v0, T0)
2
(v − v0)2(T − T0) + · · · , (21)
with
PT (v0, T0) =
1
v0
, PvT (v0, T0) = − 1
v20
, PvvT (v0, T0) =
2
v30
,
Pv(v0, T0) = −T0
v20
+
[
(3− α2)(α2 + 1)] 1−α2α2+1 [4(α4 + α2 − 2)(α4 − 2α2 − 3)2q2 + (α2 + 3)2 v20]
π(1 − α2)4 α
2
α2+1 b
2α2
α2+1 (α2 + 3)
α2+3
α2+1 v
3α2+5
α2+1
0
,
Pvvv(v0, T0) = −6T0
v40
+
2
(
α2 − 3) 1−α21+α2 (α2 + 2)
π (1− α2) 4 α
2
1+α2 b
2α2
1+α2 (1 + α2)
3α2+1
1+α2 (α2 + 3)
α2+3
1+α2 v
5α2+7
α2+1
0
[
(α2 + 3)3v20 ,
+ 2(α2 − 1)(3α2 + 5)(5α2 + 7)(α4 − 2α2 − 3)2q2
]
. (22)
8The coefficients PTT (v0, T0), PvTT (v0, T0) and PTTT (v0, T0) vanish because the pressure (12) is a linear func-
tion of the temperature T . The absence of Pvv(v0, T0) is attributed to a fact that the thermodynamics
system (12) satisfies ∂
2P (v,T0)
∂v2 = 0 at the inflection point v = v0. Moreover, near the inflection point, the
functions v(M, t) and u(M, t) can be expanded in Fourier sine and cosine series on M ∈ [0, 2π] respectively,
i.e.,[20, 21, 27–29]
v(M, t) = xM (M, t) = v0 + x1(t) cosM + x2(t) cos 2M + x3(t) cos 3M + · · · ,
u(x, t) = xt(M, t) = u1(t) sinM + u2(t) sin 2M + u3(t) sin 3M + · · · . (23)
Here xi(t) and ui(t) can be regarded as hydrodynamical modes which describe the deviation from the initial
equilibrium state with v = v0. Although a full analysis should consider the effects from the higher modes, it
is very difficult to find the homoclinic orbit in the case containing the higher modes, even in the three-mode
one [20]. It is argued that the existence of homoclinic orbits for higher mode approximations to the original
partial differential equation or for the infinite-dimensional problem itself remains an open problem [20]. The
two-mode case is investigated for the van der Waals fluid [20] and for charged AdS black hole [27] and Gauss-
Bonnet one [28]. The recent investigations [29] show that the effects of the second mode has no basic difference
from that of the first mode. Therefore, we here consider only the first mode (x1(t), u1(t) ) as in ref.[29] and
omit the subscript 1 in the later formulae. In doing so, the dynamical equation (19) can be simplified further
as
x˙ = u,
u˙ = (Pv −As2)x+ ǫ
(
PT +
3PvvT
8
x2
)
δ cosωt+
Pvvv
8
x3 − ǫµ0su. (24)
With the denotation z ≡ [x, u]T , the above equations can be rewritten as
z˙ = f(z) + ǫg(z, t), (25)
with
f(z) =

 u
a2x+ Pvvv8 x
3

 , (26)
and
g(z) =

 0(
PT +
3PvvT
8 x
2
)
δ cosωt− µ0su

 , (27)
9where a2 ≡ (Pv − As2). In the case without thermal perturbation (i.e., ǫ = 0), one can find an analytical
solution for the equation (25) [29, 35]
z0(t) =

 x0(t)
u0(t)

 =


±4a
(−Pvvv)1/2
sech(at)
∓4a2
(−Pvvv)1/2
sech(at) tanh(at)

 . (28)
It is a homoclinic orbit which joins a saddle equilibrium point to itself. The solution (28) owns the two
branches, which correspond to two wings of the butterfly-like orbit shown in Fig.(3), respectively. Under the
-3 -2 -1 0 1 2 3
-0.04
-0.02
0.00
0.02
0.04
x(t)
u
(t
)
FIG. 3: (colour online) Homoclinic orbit of the unperturbed equations for the charged dilaton-AdS black hole with
T = 0.0315 < Tc. The arrows denote the time flow direction. Here, we set q = 1 , b = 1, A = 0.2, s = 0.001, and
α = 0.01.
time-periodic thermal perturbation (20) (i.e.,ǫ 6= 0), the above homoclinic orbit may break so that the possible
chaos could appear in this system. The existence of chaos is determined by the Melnikov function, which has
a form [36, 37]
M (t0) =
∫ +∞
−∞
fT [z0 (t− t0)]Jg [z0 (t− t0)] dt, (29)
with
J =
[
0 1
−1 0
]
. (30)
Combining Eq. (29) with Eqs.(26) and (27), one can obtain the Melnikov function for the charged dilaton-AdS
black hole flow
M(t0) =
∫ ∞
−∞
dt
4a2
(−Pvvv)1/2
δ cosωt sinha(t− t0)
cosh2 a(t− t0)
[
6a2PvvT
Pvvv
sech2a(t− t0)− PT
]
+
∫ ∞
−∞
dt
16µ0sa
4
Pvvv
sech2a(t− t0) tanh2 a(t− t0). (31)
With the residue theorem, the Melnikov function can be further expressed as
M(t0) = δωK sinωt0 + µ0sL, (32)
10
with
K =
8π
(−Pvvv)1/2
[
PT − PvvT
Pvvv
(ω2 + a2)
]
exp(piω2a )
1 + exp(piωa )
, L =
32a3
3Pvvv
. (33)
The coefficients K and L are similar to those obtained in ref.[29], but they depend on the dilaton parameter
α in this case. After a simple analysis, one can find that M(t0) has a simple zero if the condition∣∣∣∣sµ0LδωK
∣∣∣∣ ≤ 1, (34)
is satisfied [38]. This means that the chaos appears if the amplitude of the perturbation δ is larger than
δc =
∣∣∣ sµ0LωK ∣∣∣. In Fig.(4), we present numerically the time evolution of equations of motion (24) in the phase
plane x(t)− u(t) for the charged dilaton-AdS black hole. It is shown that as δ < δc, the perturbation decays
with time and the system will finally approach to its original unstable equilibrium state with v = v0. As
δ > δc, one can find that the trajectories in the phase plane become irregular and complex, and the dynamical
evolution of the system exhibits chaotic feature. The critical value δc depends on various the parameters b,
-4 -2 0 2 4
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x(t)
u
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)
(a)δ = 0.000015 < δc
-6 -4 -2 0 2 4 6
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0.10
0.15
x(t)
u
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(b)δ = 5 > δc
FIG. 4: (colour online) Evolution of the perturbed equations with time t in x−u plane for the fixed system temperature
T = 0.0313 < Tc. Parameters are fixed as ω = 0.01, ǫ = 0.001, µ0 = 0.1 with other parameters set as in Fig.3. The
critical value δc ≈ 0.0000208.
q and α. From Fig.(5), we find that δc decreases with the charge q and the parameter b, but increases with
the dilaton parameter α. This means that the larger b or q makes the onset of chaos easier, but the larger α
makes chaos more difficult under the temporal perturbation.
We are now in the position to study the thermal chaos a charged dilaton-AdS black hole due to a small
spatially periodic perturbation. Firstly, we assume that the black hole is in the equilibrium state with a sub-
critical temperature T0. From van-der Waals-Korteweg theory, the stress tensor without flow (17) becomes
τ = −P (v, T0)−Av
′′
, (35)
11
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FIG. 5: (colour online) Dependence of the critical value δc on the parameters q, b and α for the charged dilaton-AdS
black hole. Here, we set T0/Tc = 0.722 < 1 to ensure that the system lies in the spinodal region. Other parameters
are set as in Fig.3.
where the notation ′ denotes the derivative with respect to x. P is thermodynamic pressure (12) of the charged
dilaton-AdS black hole and A is a positive constant. For a static equilibrium state with no body forces, the
balance of linear momentum is τ ′ = 0, which means that τ = B = constant. This constant quantity B also
represents the ambient pressure at the end of the tube. Thus, the equation (35) for a static equilibrium state
can be expressed further as
Av′′ + P (v, T0) = B, −∞ < x <∞. (36)
For any fixed temperature T0 < Tc, the non-linear systems in Eq. (36) have three fixed points, which are
located at v = v1, v2 and v3, respectively. Comparing the value of the phase transition pressure P0 with
the ambient pressure B, we can find three different types of phase structures in the phase plane v − v′ as
illustrated in Fig.(6). As the ambient pressure B is in the range P0 < B < P (vβ , T0), one can find that there
is a homoclinic orbit connecting the saddle point v = v3 to itself. Similarly, as P (vα, T0) < B < P0, there
exist also a homoclinic orbit connecting v1 to itself. However, B = P0, there is a heteroclinic orbit connecting
v1 with v3. Three different types of phase structures in the phase plane for the charged dilaton-AdS black
hole are similar to those for the RN-AdS [27], Gauss-Bonnet AdS black holes [28] and Born-Infeld-AdS [29],
12
B
P0
T<Tc
vs vα v0 vβ vL
0 5 10 15 20 25
0.0000
0.0005
0.0010
0.0015
0.0020
v
P
B
P0
T<Tc
vS vα v0 vβ vL
0 5 10 15 20 25
0.0000
0.0005
0.0010
0.0015
0.0020
v
P
B=P0
T<Tc
vS vα v0 vβ vL
0 5 10 15 20 25
0.0000
0.0005
0.0010
0.0015
0.0020
v
P
v1
v2 v3
0 5 10 15 20 25
-0.2
-0.1
0.0
0.1
0.2
v
v
′
v1
v2 v3
0 5 10 15 20 25
-0.4
-0.2
0.0
0.2
0.4
v
v
′
v1
v2 v3
0 5 10 15 20 25
-	

-
-



fffifl
v
v
′
FIG. 6: P − v curve (the top row) and the corresponding v− v′ phase portrait (the bottom row). The left, the middle
and the right panels correspond to the cases with P0 < B < P (vβ, T0), P (vα, T0) < B < P0, and B = P0, respectively.
The blue lines in phase portraits denote the homoclinic or heteroclinic orbits connecting saddle points. Here, we set
α = 0.01, b = 1, q = 1, T0 = 0.0313, and P0 = 0.0013.
which could be regarded as a common feature of such kind of static AdS black holes. Supposing a spatially
periodic thermal perturbation has a form [20, 21, 27–29]
T = T0 + ǫ cospx, (37)
one can find that the dynamical equation (36) becomes
Av′′ + P (v, T0) +
ǫ cospx
v
= B. (38)
This second-order differential equation can be rewritten as a pair of first-order differential equations
v′ = u,
u′ =
1
A
[B − P (v, T0)]− ǫ cospx
Av
. (39)
For the dynamical equation (38), the general solutions describing the homoclinic or heteroclinic orbit can be
expressed as
z =
[
v0(x− x0)
u0(x − x0)
]
. (40)
and the corresponding functions f(z(x− x0)) and g(z(x− x0), x) in Melnikov function becomes
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FIG. 7: Phase portraits of the perturbed equation in v − v′ plane. The left, the middle and the right panels in every
row correspond to the cases with P0 < B < P (vβ , T0), P (vα, T0) < B < P0 and B = P0, respectively. The top, the
middle and the bottom rows correspond to the cases with α = 0, 0.01 and 0.1,respectively. The initial states are the
fixed points of the homoclinic orbit or heteroclinic orbit. Here, we set b = 1, q = 1, T0 = 0.0313, and P0 = 0.0013.
f(z(x− x0)) =
[
u0(x− x0)
B
A − P (v0(x−x0),T0)A
]
, (41)
g(z(x− x0), x) =
[
0
− cos p(x−x0)Av0(x−x0)
]
. (42)
Thus, the Melnikov function in this cases can be simplified as
M(x0) =
∫ ∞
−∞
−v
′
0(x− x0) cos p(x− x0)
Av0(x− x0) dx ≡ −L cos px0 +N sin px0, (43)
with
L =
∫ ∞
−∞
v′0(x− x0) cos px
v0(x− x0) dx, N =
∫ ∞
−∞
v′0(x− x0) sin px
v0(x − x0) dx. (44)
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Therefore, M(x0) always possesses simple zeros for the arbitrary values of L and N . This means that there
always exist chaos for thermodynamic system of the charged dilaton-AdS black hole suffered from a spatially
periodic thermal perturbation. This is the same as that obtained in other AdS black holes [20, 27–29], which
may be a common feature of such kind of thermodynamic systems. In Fig. 7, we chose the homoclinic orbit
or heteroclinic orbit as the initial configures and plot the solutions of the perturbed equation (38) in the v−v′
plane. It is shown that there is spatial chaos under perturbations irrespective of black hole parameters and
the perturbation strength.
IV. DISCUSSION AND SUMMARY
We have studied thermal chaotic behavior in the extended phase space of a charged dilaton-AdS black hole
by Melnikov method and present the effect of dilaton parameter on the thermal chaos. Under the temporal
perturbation in the spinodal region, we find that the chaos occurs only if the perturbation amplitude δ is
larger than a critical value δc, which is similar to those in the RN-AdS, Born-Infeld-AdS and Gauss-Bonnet
AdS black holes. The dependence of δc on black hole parameters show that δc decreases with the charge q
and the parameter b, but increases with the dilaton parameter α. This means that the presence of dilaton
parameter makes the onset of chaos more difficult, which differs from those arising from the parameters q and
b. For the spatially periodic thermal perturbation, we find that there always exists chaos for thermodynamic
system of the charged dilaton-AdS black hole. Comparing it with those of the RN-AdS, Born-Infeld-AdS
and Gauss-Bonnet AdS black holes, it is easy to obtain that for the temporal perturbation the thermal chaos
occurs only if the perturbation amplitude is larger than certain a critical value. However, for the spatially
perturbation, the chaos always exists irrespective of perturbation amplitude. These behavior can be regarded
as a common feature of such kind of static AdS black holes.
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